T T 1Y
= —t - 0 = s
AT T

Q. 4. Evaluate :
["“log(1+ tanx)dx  (CBSE Outside Delhi, 2011)

Solution :

= jon’4log(1+ tanx)dx (D)

.

n/4 T
= I= jo log(1+tan(z—xndx
0
4 tan — — tan x
= 1= j log| 1+ - dx
0 n
ll— tan — tan x
4
w4, [ 1-tanx
= logj1+ dx
y L -[0 Og_ 1+tanx}
n/4 2 .
= 1 ]d.:c
B I -[0 0g(1+tanx,
n/4 n/4
= I= Io log 2 dx—jo log (1+tanx) dx
= I=og2) [xf"* -1
= 21 = glog 2
T
1= 3 log 2 [from (1)]

AREA OF BOUNDED REGIONS

W% IMPORTANT FORMULAE /7,

1. Area of the region bounded by the curve y = flx), x-axis
and the linesx =a and x = b (b > a) is given by :

J.:ydx = J':f(x)dx
2. Area of the region bounded by the curve x = ¢ Ay),
y-axis and the lines y = ¢,y =d (d > ¢) is given by :

Jlwdz = o ay

3. Area of the region bounded by the two curves y = flx),
y =g(x) and lines x = @, x = b is given by :

= j:[f(x) — g(x)ldx, where in [a, b], fx) = g(x)

4. If Ax) 2 g(x) in [a, c] and flx) < g(x)in [c, bl,a <c < b,
then :

Area = [ [f(x)- g@ldx +[ [g(x) - f(@)ldx

- Mu.ltiple Choice Questions 72000004400
1. The area bounded by the y-axis, y = cosx and y = sin x,

T,
0<x< < is

2 ,
(@) V2 M2 +1 (©+V2 -1 @2(¥2-1)
2. If the area bounded by the curves y? = 4ax and y = mA

2
is % , then the value of m is
(a)2 (b)-2

1
(c) 5 (d) none of these

3. The area enclosed within the curve |x| + |y| =11is
(a)21 - (15
(c)2 (d) none of these
4. The area of the quadrilateral formed by the lines
. ¥y=2x+3,y=0,x=4,x=61is
(a) 26 square unit, (b) 20 square unit
(c) 24 square unit (d) none of these
5. Ared bounded by the curve y = x%, the x-axis and the
ordinatesx =—2 andx = 11is
15
(b) - 4
6. If the area between x = y? and x = 4 is divided into two
square parts by the line x = @, then the value of a is
(a) 2%3 (b) 423 (c) 2%2 (d)4
7. Area lying in the first quadrant and bounded by the
circle x2 + y2 = 4 and the linesx =0 and x = 2 is

15 17
(a)—a (e) 1 (d) o

T T TC
(arw (b) ) (c) 3 (d) 1

8. Area of the region bounded by the curve y2 = 4x, y-axis
and the liney = 3 is

9 9
(a) 2 b) 3 © 5 (d)3

9. The area bounded by the curve y = x |x|, x-axis and
the ordinatesx =~ 1 andx = 11is %

1 2 4
(a)0 (b) 3 (© 3 g




2 xcos

sin —

xX w/2

; 2 2 4.

1 x 3k X s x
_ 5{(2’6 tanE)o _.[022 tandeJ+—_"o2 tanadx

x n/2
= (x tan-‘—)
20

= Ztanl-0=Z
2 4 4
Q. 4. Evaluate :
[{"10g+tanx)dx  (CBSE Outside Delhi, 2011)
Solution :
= [ log(1+ tanx)da D)

y

B

n/4 ‘ bin
= I= J-O Iog(1+tan(z—xndx
., tan .S tan x
= T & L log 14—]—R dx
1-tan — tan x
L 4 ;
we, [ 1-tanx
= log|1+ dx
= I -[0 og_ 1+tanx}
n/4 2
= 1 : )d
= I J'O 0g(1+tanx *
n/4 n/4 .
= I= Io logde—Jo log (1+tanx) dx
= I=og2) [x]'* -1
T
= —log 2
= 21 4 Qg
n
I= glog 2 [from (1)]

AREA OF BOUNDED REGIONS

W) IMPORTANT FORMULAE /4%

1. Area of the region bounded by the curve y = fix), x-axis
and the linesx =a and x = b (b > a) is given by :

jbydx = J:f(x)dx
2. Area of the region bounded by the curve x = ¢ fly),
y-axis and the linesy = ¢,y =d (d > ¢) is given by :

~'|.cdxdx = J.:id)(y) dy

3. Area of the region bounded by the two curves y = flx),
y =g(x) and lines x = a, x = b is given by :

= [If() - gx)dx, where in [a, 5], Ax) 2 g(x)

4, If Ax) 2 glx) in [a, c] and filx) <glx) in [, b]l,a < ¢ < b,
then :

Area = [[[f(x)- g@ldz +[ [g(@) - f(@)ldx

s Multiple Choice Questions 0000000000000
1. The area bounded by the y-axis,y = cos x and y = sin x,

0< Gt
<x< o is
2

(@) V2 b V2 +1 ©+V2-1 @2(y2-1
2. If the area bounded by the curves y2 = 4ax and y = mA

2
a
is —, then the value of m is

3 H
(a)2 (b)—2

1
(c) 5 (d) none of these

3. The area enclosed within the curve |x| + |y| =11is

(a)21
(c)2

4. The area of the quadrilateral formed by the lines
L y=2x+3,y=0,x=4,x=

(a) 26 square unit
(c) 24 square unit

5. Area bounded by the curve y = x3, the x-axis and the
ordinatesx = —2 and x = 1is

5

(a) py_ 2
a)—a ()‘—4

6. Ifthe area between x = y2
square parts by the line x = @, then the value of a is

(a) 22/3 (b) 4?/3

7. Area lying in the first quadrant and bounded by the
circle x% + y%2 = 4 and the lines x = 0 and x = 2 is

(a) B s
a)mn ()2

8. Area of the region bounded by the curve y2 = 4x, y-axis

and the liney = 3 is

9
(a)2 (b) =

9. The area bounded by the curvey = x |x|, x- ax1s and
the ordinatesx =—1andx = 11is °

1
(a)0 (b) 3

(b)1.5
(d) none of these

6 is
(b) 20 square unit
(d) none of these

15 17
(e) 3 (d) 1
and x = 4 is divided into two

(@22 (d)4

T T
(c) 3 (d) 1

9
(c) = d3

2 4
() 3 (d) 3



10. Area lying between the curves y2 = 4x and y = 2« is
(a) % (b) % (c) % (d) %
Ans. 1. (¢), 2. (a), 3. (¢), 4. (a), 5. (), 6. (b), 7. (a), 8. (b),
9. (0), 10. (b).

m Very Short Answer Type Questions w077
Q. 1. Find the area of region bounded by the line

y = 3x + 2, the x-axis and the ordinates x = - 1 and
x =1, (BSER, 2013)

Solution :
Required Area = f Bx + 2)dx

. 2 Tt
X
3_[_11xdx+2_[_111dx= 3|: :l +2[x]£1
-1

I

2

- 3[%_%}+2[1+1]

= 3 x 0 + 4 = 4 square unit
Q. 2. Find the area of the region bounded by the
curve y = x? and the line y = 4. (BSER, 2014)

Solution :
y =x2 . .1
y =4 ...(2)
Solving equation s( yand (2), we get
' x2 =4
= X =+2
Y

.
—>

y =x?
0, 4) /y =

== Zx
X'«¢ >X

—>

W
~. The points of intersection are (2, 4) and (- 2, 4).
Required Area = 2 Jj Jydy

2 ' 4
ox 2| y2 | _ Zq0n
3[‘” ] =3

[

é(22)"‘”2 - 1
3 3

32

"3 Square units

Q. 3. Find the area of the region bounded by the
parabola y2 = 4 ax, its axis and two ordinates x = 4
and x = 9. (JAC,2013)

Solution :

YIJ{
Required Area = J.; 2Vax dx
2
a 2\/(1_ g[xa/z]z
4«/5

— (93/2

4\/~

= —(27 8)

_43/2)

76J:.T: :
= 3 square units ;
Q. 4. By using integration method, find the area
of the circle x? + y2 = g2, (USEB, 2013)

Solution :

Area of the circle = 4I0Va2 —x%dx

=4 x\/a -x +1a sin! x
2 2 ajl,
= 2[.::@&" -x* +a*sin™ (EH
a

=2{a?sin1 (1)}

=221
2
= na? square units
s Short Answer Type Questions /2222220000
Q. 1. Find the area of the region given by
{(x,y):x2+92<1<x +y) (BSEB, 2014)
Solution :
Required Area = Area of Quadrant OAB
— Area of AOAB

0




\+Vvv 3

Y}\

B, 1

Y'
v

= [Vi-# dx——OAz'OB
1
= [%xxll—xz +%sin'lx} _IxI

0 2

T 1
square units

4 2
Q. 2. Find the area of smaller part bounded by
a
the circle x2 + y2 = a? and the line x = 2 (BSER,2013) |
Solution :

3

¢ YI\

X'« 0
M
Y' J
Area of the smaller part

= 2Ji Vva® —x* dx (Due to symmetry)
N ’
2 lJc«/a2 —x? +la2 sin' [ X
2 2 a )l
[x\/ a’—x* +a’sin™ (f ):l
a al\2
[a\/ a’—a? +a? sin‘l(l):!

L (]
27'5}

[%

a

A S|a
Ny

L\:>|r-| wl:l

_a
2

NH

a
4 2
P o square units
4 2
Q. 3. Calculate the area bounded by the parabola

y? = 4ax and its latus rectum (USEB, 2010)
Solution :
The equation of the parabola is y2 =

dax L)

Here the focus S is (a, 0), let latus rectum is LSL'
which is a line parallel to y-axis at a distance of @ from it
so its equation is x = «.

Since all the power of y in the curve (i) are even, so
the curve will be symmetrical about x-axis.

- Required Area

= area LOLL
= 2 x area LOSL

=2 _[andx = 2J.0n2x/c—1;dx

§ = L a® sq. units.

2
=4 —_
Va3t

Q. 4. Find the area of the region bounded by the

parabolay=x%andy = |x|. (AI CBSE, 2013)
Solution :
The given curves are
y = x2 ..(1)
and = |x| ...(2)
(1) and (2) give
x? = |x|
Casel When x <0
x2 =—x
= xx+1) =0
= x =0,-1
- From (1), y=0,1
Case 11 whenx 20
x2 =x
= xx—-1) =0
= x=0,1
.~ From (1),
y =0,1

Hence, (1) and (2) intersect at the points O (0, 0),

A(-1,1)and B(1,1).




}J

Y'v
Required Area =2 Area OPBO (By symmetry)
=2 [Area OQBLO — Area OPBLO]

= 2_‘f:xdx—J:x2 dx]

1

[ 2 AN
5] ]]
2L 13 )
11
= 2 §—§J=% square unit

w Long Answer Type Questions 7z

Q. 1. Using integration, find the area of the
triangle PQR, co-ordinates of whose vertices are
P2, 0), Q (4, 5) and R (6, 3). (AI, CBSE, 2014 (Comptt.)]

Solution :

Y/\
5 -
4 -
3 -
21
1}-
O 1
1
P L M
. (2,0) 4, 0) (6, 0)
We have P—(2,0
Q—4,5)
R —(6,3)
Equation of line PQ is
5-0
-0 = -9
y—0 4_2u )
= 2y =bx-—-10
5
= —Xx-5
= y=3 (D

Equation of line QR is

y=l812 e a=t
= 2y—10 = 2x + 8
= 2y =—-2x+ 18
= y=—x+9 ..(2)
Equation of line PR is

y—0 = g(x—%
= 4y =3x -6

3 3

N y = Zx—a .8
Area of the triangle PQR

= Area PQL + Area LQRM — Area PRM

_ .’-24(gx_5)dx +Jf(—x+9)dx—j:(§x—%]dx

2 4 L 6 2 6
= 5i—5x + -2 tox| - 3i—§x
4 2 A 8 2

=[(20-20)~(5-10)] + [(- 18 + 54) — (-8 + 36)]
IS
2 2
=5+8-6
=7 square units

Q. 2. Using integration, find the area of the region
bounded by the triangle whose vertices are (- 1, 2),
(1, 5) and (8, 4). (AI,CBSE, 2014)

Solution :
Let A—(-1,2)
B—(1,5)
and C—(3,4)
YN
B@,5
- (1, 5)
4t C(@3,4)
-1,2)A
X'« - e
—2-1¢g| 1 2 3 4 5686 N
M N L
L0 | @0 3,0
then, equation of line AB is
y—-z = 1+1 x+1)
= 2y—4 =3x + 3
= 2y —3x =17 (1D
Equation of line BC is
4-5
y—5 = 3.1 (x-1)
= 2y-10 =-x+1
= 2y +x =11 ...(2)
Equation of line AC is




y—2 = 3+1 x+1)

= 4y -8 =2x + 2
= 4y —2x =10
= 2y-x =5 (3)
Required Area

= Area of OABC

= Area AMNB + Area BNLC — Area AMLC

1 3x+7 311 —x 3x+5
=J_.1 9 dx+J.1‘ 5 dx—j_l P dx

2 b 2\3 2 3
L% ] e M=) - L2, b
2( 2 L2 2) 2|2

~1

i)
o]

=7+9-12

= 4 square units
Q. 3. Using integration, find the area of the
region bounded by the lines 2x + y = 4, 3x - 2y = 6 and
x-3y+5=0. [AL, CBSE, 2014 (Comptt.)]
Solution :
The given lines are
; %ty =4 1)
3x—-2y =6 (2
x~3y+5=0
Solving equations (1) and (2), we get
x=2,y=0
Solving equations (2) and (3), we get
x=4,y=3
Solving equations (3) and (1), we get
x=1y=2
Required Area = Area of AABC '
= Area MCBN - [Area MCA + Area ANB]

) j:(x+5)dx—J'12(4—2x)dx—'[:(3x_6)dx

3 2
Y!\
3 B4,3)
2l
1}
>X

(1,00 (2,0 4,0)

2

2

1{ x 4 1( 3a*
= o| T+5x | —(4x—x?)2 | 2%
_3[ xl (4x — x*); 5

%{(8+20)—[%+5)}—{(8-- 4~ (4-1)}

— —Gx |
2 !

fi

i
- 5124-24)-(6-12))

6
21

6
7

1}

=2_-1-3

= - square units

2

Q. 4. Using integration, find the area bounded
by the curve x? = 4y and the line x = 4y - 2,
[CBSE, 2013; 14 (Comptt.)]

Solution :
The equations of the curves are
x% =4y (D)

and y =4y -2 (2
Solving equations (1) and (2), we get

x?—x =2
= ¥2-x-2=0
= x-2)x+1) =0
= x=2,—-1
From (2),
when x=2,y=1
and when x==-1y= i

Hence the curves (1) and (2) intersect at the points

g

A(2,1)and B

Required Area
= Area OBAO
= Area LBAML — Area LBOAML

2
i

N 2 2
L X tox 1
4| 2 , 4

A
2,1
>X
2
M
(2,0

2
dx—rx—'dx
-1 4

5.

i{(2+4)—[%_2j_%[§+%]}

9

= g square units




Q 5. Find the area of the region in the first
quadrant enclosed by the x-axis, the line y = x and
the circle x2 + y% = 32. (CBSE, 2014)
Solution :

The equations of the curves are

y=x

and 2 +y2=32

Solving equations (1) and (2), we get

x=+x4,y==x4

Hence the line (1) and the circle (2) intersect at the
points B (4, 4) and C (- 4, - 4).

Y.r‘

ey
(2)

> X
v/ A(4~2,0)

\/. / (4;?

Xe— —§3— 1

Required Area
= Area OABO
= Area OMBO + Area AMBA |

4 42
= J xdx+j
0 4

= [£]: +[%x\/32—; +5B2.sin (Tﬂm

2

J32 — x% dx

T 1 1
— Z _|=44+-32.—
-8+16.2 {2 2 4]

=8+8n—-8—-4n

= 4§ square units [

Q. 6. Find the area of the region {(x, y) : y* < 6ax |
and x2 + y2 < 16a?} using method of integration.

(AI CBSE, 2018)

Solution :
The given curves are
y? = 6ax (D)
and x2 + y% <1602 .2

Solving (1) and (2), we get
x2 + 6ax = 16a?
= x2 + Bax — 16a% =0
= x%+ 8ax - 2ax —16a? =0
= x(x+8a)—2a (x + 8a) =

= (x+8a)(x—2a) =

= =~ 8a 2a
.. From (1),

when x = — 8a, y2 = 6a (— 8a) = — 48a?

which is inadmissible as it gives imaginary values of y.

when x = 2a, y% = 6a (20) = 12a2

y=%23q
Hence, the points of integration of the curves (1) and
(2) are

A (2a,2+/3a) and B (2a, - 2+/3a)
Ya‘\

=

o
2 2 > 16a2 / 0"% Q’O.
x°+y“210oa P 1
N v/ 3
X'« > X
0 MJ C (4q, 0)
(2a, 0)
M
(22, -2V3a)
Y v
Required Area
= 2 area OCAO (Due to symmetry)

= 2[Area OMAOQO + Area AMCA]
UZG J6ax dx +_[4: J16a? — x* dx}

2\/6—a ( 3/2)
+ 2 lx\/16a2 —x? +1(16az)sin'1 A
2 2 4a
4\/-6-(1 23/2a3/2
3

4a

2a

+2[0+8a?sin™*(1)]

2[1 20.2/3a +8a®sin” [;ﬂ

2
= 16?{1 +87a® — 4+/3a? ——81;1

2 2
_ 16\g§a +161;a _ 43

_ [16\/§a2 , l6ma’

3 3

Q. 7. Find the area of the region {(x, y) : % < 4x,
4x2 + 4y? < a} using method of integration.
(AICBSE, 2013)

J square units

Solution :
The given curves are
y2 =4x ...(D

and 4x? + 4y% =q ..(2)
Solving (1) and (2), we get

4x? + 16x =9
= 42 +16x-9 =0
= 4x2 + 18y ~2x-9 =0
= 20(2x+9)-1(2x+a) =
= (2x+9)(2x-1) =




__91
= X == 2’ 9
from (1),
9
when x=—I,y2=—18

which is inadmissible it gives imaginary values of y.

1
andwhen «x = E,yz = .2

= y=%.2

Hence, the poirits of intersection of (1) and (2) are
1 1
A (E\Ej and B [5’—‘/§J

YA

Required Area
= Area OCAO
=2 [Area OMAO + Area AMCA]

—2[] Vax dx + j ——xdx]

(due to symmetry)

_22J‘1/2\/_dx 2J3/2 [ )—xz dx

3/2

- et g :\:Jg——x2+2sin’1 &
3.2V2 4 4 3 )L,

oo ]
4 97!: 1 9 _1(1)

———=~——8i
3

eV RN A

2 S]] ’
J_ 3 1 3 || Square units

Q. 8. Find the area of the region enclosed between

the two circlesx?+y2=1and (x-1)2 +y2=1.

[CBSE, 2013 (Comptt.)]

Solution :

The equations of the two circles are

22 +y2 =1 (D
and (x—-12+y2=1 ...(2)
(1) is a circle with centre (0, 0) and radius 1 unit.
(2) is a circle with centre (1, 0) and radius 1 unit.
Solving equatlons (1) and (2), we get

22 =(x-1)2
= x2=x2-2¢+1
= 2 =1

1
= x—2

s from (1), y =+ E

Hence, the points of intersection of (1) and (2) are
1 3 1

A(E’Ej and B (2 \/_)

Required Area

=2 Area OACO
=2 (Area OAMO + Area MACM)

1

_2 [ [ i--dx+ [ V1o dx]

2 [%(x— D1 —(x - 1) +1sin‘1(x—1)}

1/2

0

+2[2x\/1 X +;sm X
- 1/2
= (x—l)\rl—(x—l)z+sin'1(x—1)]
L 0
-1
+ [acxll—x2 +sin” x

J1/2
’- P
1¥8 . (1 -
= |55 tsin 1[.-——2-)}—[0+s1n 1(—1):]

it

JI/Z

1v3 . (1
+ [0 +sin71 (1)] — 57‘*3111 3




Q. 9. Find the area of the region enclosed between o 7 __1; : P
the circlesx? + y2 =4 and (x - 2)2 +y2 = 4. = “/5—45"'45“15_\/5_45
[CBSE, 2013 (Comptt.), CBSE, 13] B
Solutlon =|-2V3+ 3 | square units
" The equations of the two circles are
2y =4 (D Q. 10. Using integration, find the area of the
and (x—22+9y2 =4 2 region enclosed between two circles x2 + y2 = 9 and
(1) is a circle with c¢entre (0, 0) and radius 2 units. (o - 3).2 +y*=9. [CBSE, 2013, (Comptt.)]
(2) is a circle with centre (2, 0) and radius 2 units. Solution :
Solving equations (1) and (2), we get The equations of the two circles are
x2 = (x—2)? 2+y?2=9 (D)
= 22 =x?-4x+ 4 and (x-332+y2=9 -(2)
= 4x =4 (1) is a circle with centre (0, 0) and radius 3 units.
=_> from (1 x=1 (2) is a circle with centre (3, 0) and radius 3 units.
- from (1), — Solving equations (1) and (2), we get
= 2 = (g _9)2
Hence, the points of intersection of (1) and (2) are 2 ; :5; —?()S)x +9
YA N §
= x=3
-~ from (1),
9 27
2 _9g_,2_9g_ = _ ¢
y-=9-x2=9 1 4
3V3
= y=t=5-

v,

Required Area
=2 Area OACO

=2 (Area OAMO + Area MACM)

2“01 Ja-(x-27 du+ jf\/mdx}
[ (x— 204 - (x-2)° s ! 4sin [xz 2 ﬂ
+2 [1 VA% + % 4sin™ [f JT
2 2 2|,
s [(x ~ 24— (x-27 +4sin™ ("T‘zﬂl
o
N [a;\/Z——ocz +4sin™ (-’ZEJT

1

0

. af 1 '
= l:(—l)\/—g+451n [——2—]} _ [0 + 4 sin™! (- 1)]

. a1
+[0+4sin! ()] - [1.J§+481n (EH

Hence, the points of intersection of (1) and (2) are
3 343 3 -3V3
A 2 ? 2 and B 2 L) 2 .

A

X'< N}}ﬁ (3, 0) ¥X
(E, 0)
Yl\f
Required Area
=2 Area OACO
= 2 (Area OAMO + Area MACM)

=2 [[; " Vo-G-3Fdu+ [} Voo x|
1 —~ .1 -3\
= 2[—(1: -39 ~(x-38)* +=.9.sin™ (x__ﬂ
2 2 3 )],
+2[% *V9—x® + %.9.sin'1 (g)]

3

3/2



i 8/2

[(x 3Ja—(x-3)? +9sm‘1( 3_& ]J
3
+ l:x\/Q—xZ +9sin™ (gj]

3/2

- [—§ £+9s

1 L
s ( E)J—[3.0+9sm (-1)]

333 .. (1
+[0+9s1n‘1(1)]—l:2 3 +9Sln1(§)}

93 =& 9n+91r 93

= LN ol oINS _gift
4 6 2 2 4 6
93

= —T"'G“ square units

Q. 11. Find the area of the region bounded
between the parabolas y* = 4ax and x2 = 4ay, where

a>0. (CBSE, Delhi, 2008)
Solution :
Given ‘ y? =4dax (D
and , x2 =4ay -(2)

Curve (1) & (2) are both parabolas with vertices (0 0).
Solving equations (1) and (2), we get intersect points
(0, 0).and (4a, 4a).

YV
Hence, Required Area

= J.:a(yz —yl)dx

4a 2
=f EZ\/(ax)—x—de
0 4a

From (1) & (2),
2
y=2 Jax and X
. " 4a
i { Jax } 21
- 12a
= SNatay - Y
a
= 'gaz 16a2 1_6(1 t
=3 3 = 3 8q. units

Q. 12. The area between x = y2 and x = 4 is divided
into two equal parts by the line x = a. Find the value
of a.
Solution :

Given

and

y? (1)
4 (2

] R

\ L5
Y
A x:a‘x=4
[
[
| L
|
X O\ | X
1
1
I \2=
i yo=x
I
v

Equation (1) is parabola whose vertex is (0, 0) and eq.
(2) is a line whose parallel to y-axis and its distance is 4
units.

Let line x = a, its divide in two parts, let cut the area
A, from the line x = 4. Thus :

A =2 j:ydx =2J‘:;vc1’2 dx

= [élxalzl“}_ 4( 2)3/2 32
3 °1 3 3

If cutting the area A, through x = a,

A2 _ 2J.0ax1/2dx =282

According to question,

then

2A, = A,

8 32 32

= 3 a = ?
= a =(4)%3

Q. 13. Using integration, find the area of the
triangle whose vertices are (1, 3), (2, 5) and @3, 4).

(JAC, 2014)
Solution : .
YJ‘\
B(2,5)
5A
44 C@3,4)
34 A
=
24 5
1]
X'¢ 5 T 53 > X
L M N
Y|
Equation of line AB is
5-3
-3 = — 1
3 . 1(x )
= -3 =2x-2
= y =2x+1 (1)

Equation of line BC is




2]52@ dx = 4]02@ dax

3/2 72 3/2
42 [EWJ =42 [—(2) —0]
0

= 42 x % X2 = % square units

Q. 16. Find the area bounded by curve x2 = 4y and

the line y = 4. (USEB, 2015)
Solution :
Given x? = 4y (D
and y=4 .(2)

Equation (1) is parabola whose vertex is (0, 0) and
equation (2) is a line which is parallel to x-axis and its
distance is 4 units.

X<

(@)

Hence, required area

2.[:xdy

2 Ay dy
‘ : g2 *

2 2.y dy = 4[3’—}

3/2 .

3/2
A B olcaxZiaxo
3/2 3

64 .
= Y square unit

%) NCERT QUESTIONS iy
Q. 1. Sketch the graph of y = |x + 3] and evaluate

[[1x+3]dx.
Solution :
x+3, x+320
Given =|x+3]| = ’
ol {—(x+3), x+3<0
x+3, x2>-3
= y=
-x-3, x<-3
Thus y=x+3,forx>-3
and y=—x-3,forx<—3

Clearly y = x + 3 is a straight line through (—‘37 0) and
(0, 3) which lie on x-axis and y-axis respectively. Similarly
y =—x — 3 also a straight line.

X'(-6,0 -3,0

Y'Y
Hence, required area

= [*)x+3]dx

= j—3|x+3|dx+_[0]x+3|dx
J-6 -3

- j‘S(-x—3)dx+j° (x+3)dx
-6 -3

2 -3 2 (1]
=~ Z v | 4| X sk
2 -6 2 -
; ¢
= (2 936 18)[0-249
2 2 2
= (2 _18418-9 )+(2
2 2
=] —+—=9 i
2'5 Sq. units

Q. 2. Find the area enclosed between the parabola
y? = 4ax and the line y = mx.

Solution :
Given y? = 4ax ...(1)
and Yy =mx (2)

Clearly y2 = 4ax is a parabola which passes through
origin and line y = mx is a line passing through origin.
Solving equations (1) and (2), we get the points of
4a 40]

intersection as (0, 0) and

53

m

Required area
= Area of OBAMO — Area of OAMO

= J:alm (for parobola y)dx —J:a/m (for line y)dx

da/m? da/m?
E IO 2vVax dx —fo mxdx
Y A
4 da
m2’ m

B

>

X

LY
o
g e B

Z

el m? mx2 4a/m?
2\/_ [(x)3/2] _[ }

—2
az 0
3 2 |,
_ ':4\/5 ag/z m 1602:|
)

8 w2 ml6
‘md’ 2 m*



B

32a> 8a’ 8a’ .
=3 = 3 sq. units
Q. 3. Find the area bounded by the ellipse

2 2 x
X 4+ 2 =1and the line ;+;_y____1.

a? b2 b
Solution
x2 yZ
Wehave —+%5; =1 (1)
a b
Ya
X—2
?-3,01!
x
and —+% 1 2
a b

Now, required area

= _[: (for an ellipse y)dx — _[:(for a line y)dx

R

a
blxJa? -« a® . x " opf T

. | +—sin?Z| -Z|ax-—
a 2 2 a a 2],

- ab (sin'1-sin0) - (ab = 229)

]

ab .
R J: —4—(11'«—2) $q. units,

77

7

Y
N

Q. 4. Using integration, find the area of the region
bounded by the triangle whose sides arey = 2x + 1,
y=3x+1andx =4, (Raj. Board, 2014)

Solution :
Y4
84, 13)
4,9
i
|
000, -1) A i
Kt 5 = » X
Yv
Given, y = 2x+1 (1)
y=3x+1 .(2)

x =4 .8
From equations (1) and (2),x =0,y =1
From equations (2) and (3),x =4,y = 13
From equations (3) and (1),
x=4,y=9
Hence, required area
= Area of ABLOA — Area of AOLCA

= [0y du((for AB)- [ ydx(for AC)
= ['Gx+ D dx-[ Gx+Dda
0 1}

2 4
= J:(x) dx = [%} =[8-01=8 gq. units
0 i
] |

DIFFERENTIAL EQUATIONS

W IMPORTANT FORMULAE /%

1. A differential equation is an equation that involves
the independent variable x, the dependent variable y
and the derivatives of the dependent variable w.r.t.
the independent triangle. For example :

2 a0\ '
oty (] g
dx® | dx .

2. The order of a differential equation is the order of the
highest order derivative occurring in it.

3. The degree of a differential equation is the power of
the highest order derivative occurring in the given
differential equation.

4. Any relation between dependent and independent
variables which when substituted in the differential
equation reduce it to an identity is called a solution of
the differential equation.

5. General Solution : The solution of an ordinary
differential equation of nth order which contains n
arbitrary constants is called the general solution of
that differential equation.

6. If the differential equation has functions of x and y
both, we have to separate each variable along with
their differentials. This method is called variable
separable form.

7. A differential equation in x and y is said to be

N o dy_fwy)
homogeneous, if it can be put in the form ;- £.(x,5)
where f(x, y) and f,(x, y) are homogeneous functions
of same degree in x and y.

, d:
8. An equation of the form Ey + Py =Q, when P and Q

are functions of x only is called a linear differential
equation of first order with y as the dependent variable
to be solve for such an equation.
m Multiple Choice Questions v iz
1. The differential equation
dy
. dx ~ 3
can be solved using the method of

(a) separating the variables




9,

10.

(b) homogeneous equations

(c) linear differential equation of first order
(d) none of these

. The differential equation

@B +y)dy -~x%ydx =0
can be solved by using the method of
(a) separating the variables
(b) homogeneous equations
(c) linear differential equation of first order
(d) none of these

. The differential equation

d; 4
(1+x2) ﬁ +y=e"™*
can be solved by using the method of
(a) separating the variables
(b) homogeneous equations
(¢) linear differential equation of first order
(d) none of these

. Integrating factor of the differential equation

% +Py=Q
where P and Q are functions of x;is:
@ " (b) fer
(c) el (d) none of these

- The differential equation corresponding to the curve

(BSEB, 2010)
(b)y” +p% =0
@y +p% =0

y =asinpx + b cos px is
@y "+py=0
(€)y” -py=0

. Which one of the following is the order of the diffe-

rential equation (BSEB, 2011)

) ;
d—Z AN x*?
dx dx
(a)1 (b) 2
(©3 (d) none of these
. The degree of the differential equation
d®y Y dy dy .
5 | +=—=+cos| — [+7=01s
d® | Tdx \ax ) Ot
(a) 2 (b) 1 (c)3 (d) not defined
. The proper substitution to solve the differential
equation
c-ydy-x+y)dx=0is
U X
(a)y=vx (b)y = v (y=uva? (d)y=0%
The integrating factor of the differential equation
oy BY ety ¢
(1+x%)2 =45 =e™* ig
dx .
(a) tan~! x (b) e+
(c) 7= (d) none of these

The differential equation for different values of A and
Binthecurvey=Ae* + Be*is

d*y d’y
22 _9y=0 =
@ 2 (b) 5=y
d2 d2
(c)ﬁ=4y+3 @ dx‘Z+y=0

11. The solution of the differential equation
(B
@x-y=k (b)x2—y2=F
(x3-y3=k daxy =k
12. The integrating factor of the linear differential

equation % +ysec?x = tan x sec? x is :
X
(BSEB, 2015)
(c)logtanx (d)tan?x

: 2
13. The degree of the differential equation 1 + (%) e

d2y )
[(—1-322—] 18 :

(a)1

is :

@ &8
R [R

EB, 2015)

(a) tan x (b) etanx

(BSEB, 2015)

(b) 2 ()3 (d) 4

2 3
14. The differential equation d—;’ + x3 (@] =xtis:
dx dx

(BSEB, 2015)
(a)1 b)2 (©3 “o(d4
Ans. 1. (a), 2. (b), 3. (¢), 4. (a), 5. (b), 6. (b), 7. (d), 8. (a),
9. (b), 10. (b), 11. (b), 12. (b), 13. (a), 14. (b).
s Very Short Answer Type Questions 22200
Q. 1. Write the degree of the differential equation :
2 \2 4
x%%} +x(%) =0 (CBSE, 2013)
Solution : _
' Highest order derivative present in the differential
2 y !
dx®
Its power = 2
- Degree of the differential equation = 2
Q. 2. Write the degree of the differential equa-
tion :

equation =

o & 3+y Y, 15 _0 (CBSE, 2013)

dx* dx i

Solution :

Highest order derivative present in the differential

by

dx®

Its power = 3

= Degree of the differential equation = 3

Q. 3. Write the degree of the differential

equation :
d’sY (dsY
— — 4=0
[dt2J +y(dt) ’

[CBSE, 2013 (Comptt.)]

equation =

Solution :

Highest order derivative present in the differential
2

equation = W




?ﬂ

Its power = 2

. Degree of the differential equation = 2

Q. 4. Write the differential equation representing
the family of curve y = mx, where m is an arbitrary

constant. (AI CBSE, 2013)
Solution :
The equation of the family of curve is
y=mx ...(1)
Differentiating (1) with respect to x, we get
dy
e m ..(2)
Eliminating m between (1) and (2), we get
dy _J
de ~ x

which is the required differential equation.
Q. 5. Verify thaty = ¢* (sin x + cos x) is a solution
of the differential equation ‘

d’y ,dy
-2=+2y=0 4
o dx 2y (JAC, 2014)
Solution :
y = ¢e* (sin x + cos x) (D
= %=e"(sinx+cosx)+e"(c0sx—sinx)
dy .
= T =y + € (cos x —sin x) [from (1)]
...(2)
2
= _d_ng = d—y+ex(cosx—sinx)+ex(—sinx—cosx)
dx dx
2
= %:gl+e"(cosx—sinx)—e"(sinx+cosx)
dx dx
dy dy (& _ )\
= e - [ doc y |~y  [from (1) and (2)]
2
o 4Y W gy o0
dx dx

Q. 6. Solve : x dx +y dy =xdy-ydx (JAC,2013)
Solution :
xdx+ydy=xdy-ydx

xdx+ydy xdy-ydx

= a2 = 2, .7
x+y X +y
1( 2xdx+2ydy | _ d(y/x)
3l iy | 1FORP

I

1 I v\
= =dl 21 42) =d {tan _],
2 g (@ +y") l X l
Integration yields
l(x2 +y?) = tan™ (Z)+ C,
2 x

where C is an arbitrary constant of integration.

Q. 7. Solve : y dx —-x dy = xy dx (JAC, 2013)
Solution :
ydx—xdy=xydx
1 1
“dx-—dy =
= N X y Y =dx
Integration yields

logx —logy =x + log C
where log C is an arbitrary constant of integration

= log [i) =x
Cy)

= x = Cy e*, which is the required solution.
Q. 8. Find the general solution of differential
equation

d
?.z% +y=1(#1D (BSER, 2014)
Solution :
b,
dx A
dy
= dx ~ 1-y
= 1—_y—y = dx (separating the variables)
Integration yields

—log(1—y)=x+log C
where log C is an arbitrary constant of integration

= logc+log(1l-y)=-x
= logfcQA-yl=-x
= cl-y)=—¢e™
= 1—y_=le"‘
c
= l-y=c,e”
= 1-y=c, e where
1
¢ ==

c
Q. 9. Write the degree of the differential equation :

4 72
(g%] 3xgx—f -0  (CBSE, 2013)
Solution :

Highest order derivative present in the differential

. d

equation = T

Its power = 1

~. Degree of the differential equation = 1

Q. 10. Write down the order and degree of the
equation : '

d® dy Y
8x? &Y —7[—3’] +9=0 (BSEB,2014)

dx?* dx
Solution :
Highest derivative present in the differential equation
d’y
T
It order = 2
Its power = 1 :
. Order and degree of the given differential equation
are 2 and 1 respectively.




» Q. 11, Write true or false :

d;
The integrating factor of the equation Ey + 2y

tan x = sin x is tan?2 x. (BSEB, 2014)

Solution :
P=2tanx
IF = J’ Pdx
- eJZtanx dx
— e2logsecx
- elog secx
=sec? x
#tan? x
Hence the given statement is false.
s Short Answer Type Questions A A

Q. 1. Find the general solution of the differential
equation : :
2
=S
(BSER, 2013)
Solution :
dy . (1-y*
——= 5 18
dx V1-x* 0
dy n dx
= iy i =0
Integration yields

sin"ly + sin"lx = sin! C, where sin-! C is an arbitrary
constant of integration.

= sin™ {yxll—xz +x\/1—y2} =gin1 C

y1- +x1-y% =C,

which is the required solution of the given differential
equation.

Q. 2. Solve the differential equation :

=

d
2 xyy (USEB, 2014)
. dx
Solution :
dy
xdx SErY
A
= dx ~ Tt %
@y
i dx ~ x ~
1
P=——-,Q=1
X

.. Solution is

1 1
y [;J = jl.;dxﬂog c,
where log ¢ is an arbitrary constant of integration

= =logx + log €

=

Q. 3. Find the general solution of the differential
equation :
x_d_y +2y = x2 (x #0) (USEB, 2014)
) dx
Solution :
dy
—+2y =x2
x dx ye
dy 2
RECA E _
= dx x0 =%
2
P=-
x
Q==z
and IF = e.[de — e.,.m dx — e2logx=x2

Solution is
yx2 = fxxzdx+C
J.xadx +C

4
X

—+C
4

Q. 4. Find the general solution of the differential
equation :

ydx-(x+2y?) dy=0 (USEB, 2013)

Solution ;
dx  x+2y°
- dy = y
dx_x
- dy y =%
1
P= __’Q=2y
Y
IF = 7 = e 1
Y
. Solution is
1 1
x= _ Rl A
Y j2yydy+C
Z oysc
= g =+

Q. 5. Find the particular solution of the differen-
tial equation :

d

Ey:___ 1 +x +y+xy, given that
y=0whenx=1. (AI CBSE, 2014)

Solution :

gy 1

de S L1Hx+y+ay

i 1 1
= I =1+x) 1A +y)

gy
= 1+y =(1+x)dx _
(Separating the variables)

Integration yields

2
log(1+y)=x+ %+c

where x=1y=0

1
0=1+—- +¢C

2



dv

8y =y -
= 3v+3y2 =y dy
a3
= dy =] ¥ v+ 3y
P E 3
5 y ’ Q =9y
IF = oI T — o-3ogy =i3
Y
.. Solution is
Ll f3y L dy+C
v ya = y3
= 3f y_izdy +C
3
= x_3 =3 +C
Y Yy
= %8 =~ 3y2 4 Cyd
= X3+ 3y2 = Cyd
Q. 11. Solve the following differential equation :
d
2 X=y-xtan?  (Jac, 2000, 14)
7 dx x
Solution :
Given :
dy y dy _y y
—— = y—xtan| = ——=*—tan| <
xdx = (xj:’dx x x @
Taking Ed Sv=Sy=ux
= dy—v1+ ) ..(2)
dx dx
From equations (1) and (2),
dv o xgzg =~tanv
v+xa_v—tanv = dx
= cotv+ @ =0
x
Integrating on both sides,
= log sin v + log x = log C
= log (sin v.x) = log C
= xsinv=C
= xsin| = |=C

x
It is the required solution.

Q. 12. Solve the followmg differential equation :

(x*-1) y+2xy— —  (CBSE, 2014)
olution :
dy 2
2 _— =
x%-1) dx+2xy 21
. @4_ 2 2
dx xz—ly T (x? -1)?
2x 2
P="7 Q—(xz—l)z
IF= oJ*

2x
= Jae

e]og(a::2 -1)

x?-1

-~ Solution is

2

y@i-1= j( 2 1)2( ’
=2J'x2_

x-1

1
= 2.=1
2 ng+

-1)dx+C

dx+C
1

+C

+C

—log x+1

Q. 13. Find the particular solutlon of the
differential equation :
dy xQ2logx+1)
: Ex— B m +ycosy

given that y = 2 »whenx = 1. (CBSE, 2014)
. dy x(2 logx+1)
Solution : me m
= s1ny+y cos y)dy = (Zx logx+x)dx
Integrating, we get
—CcoSy+ysiny— fl.sinydy: [Ing —“fx % J
e

. x2 i 2
= —cosy+ysmy+c0sy=x210gx_?+_2_+c

= ysiny=x%logx +C
T
when x:l,y:—z—
T L
5 =0+C=C= 5

i s
ysiny=x?logx + 3
This gives the required particular solution.

Q. 14. Find the particular solution of the diff-
erential equation :

dy '
—— -y + 0: :
x Yy + xcosec (1 J

given that y = 0 when x =1
[AI CBSE, 2014 (Comptt.)]

Solution :
x@—yﬂccosec [2’-) =0
dx x .
Y
—x cosec | <
3 Pt
dx - X
Put y=ux
d d
so that o -

dx SUtA



dv UX — x cosecu
= o eOSEey

U+ x—
dx x
= U - cosec v
dv
= X— = —cosec v
dx
. dx
= smvdy=- 2
x

Integration yields
—cosv=—logx—-C
= cosv=logx + C

= cos (2J=logx+c
x

whenx =1,y =0
] 1=0+C=C=1

§: COSQ_ =logx +1
Q. 15. Solve the fo lowing differential equation :
xcos(z)ﬂ = ycos(z) +x3x#0.
x/dx x
[AI CBSE, 2014 (Comptt.)]
Solution :
xcos[zJﬂ = ycos(ZJ+x
x jdx x
Y
! < !+
. 3‘}, i ycos %) x
x xcos(zj
x
Put y=uvx
so that ﬂ =V +x @
dx dx
dv  vxcosv+x
VX — = ——~ =
x XCOSU
veosv+1
" cosv
= vx sec v
= x du,_ sec v
dx 4
= cosvdy= 2

Integration yields
sinv=1logx + C
= sin 2 = logx +C

Q. 16. Find the particular solution of the diff-
erential equation

ﬂ_ Yy, cosec [ZJ: 0; given that
x x

dx
y=0whenx-=1, (BSEB, 2014)
Solution :
Q——+c05ec[£) =0
dx x
Put y=uvx

dv
VX 5~ — U+ cosecv =0
dx
dv 1
= X5 4+ — =0
dx sinv
. dx
= Sin v dx + s =0

Integration yields
—cosv +logx=1log C

= log x - log C = cos v
= log (%) = €08 (%)
. ® o em(%)
c o 2)
= x=Ce V¥
whenx=1,y=0
1=Ce'=C= £
1+ ¢
Xx=—28

e
This gives the required particular solution,
Q. 17. Find a particular solution of the differen-
tial equation : ‘

a +x2)dy+2xydx=cotx¢ix,

given that y =0 ifx = g (BSER, 2013)
Solu_tion H
(1 +%%) dy + 2xy dx = cot x dx
dy 2x

"y =
dx 1+x2y

P=

cotx

1+47
2x

1+%2

cotx

Q= 1+ x?

dex

and

IF=¢

22
e-‘.1+:\c2 @

elog(l+x2)

1+x2

= Solution in
cotx
¥ +x2)= f1+x2 A+x*)dx+C

= fcotxdx+C
= log sin x + C

Whenx=g,y=0 )

0=0+C=C=0
¥ (1 + 2% = log sin x
This gives the required particular solution
Q. 18. Solve the differential equation :

d B
a+ xz)ay +y=e""% (A CBSE, 2014)
Solution :

(1+x2)3—i’+y = ptanx



dy y etan"' x

— 4 = ==
¥ dx 1+x% T 1442
tan~! x
e
1120 Q= 2
+x 1+x
1
IF = eJ.Pd.r — eJ‘lﬂ.? - = etan’l:r
. Solution is
ye i J‘et"‘“‘l" iy dx+C
1+ %2
Put et‘qu =t
tan™ x
e
then m dx = dt
= [tdi+c
t2
= —+C
2
etan"’x 4
= 3 +C
= y= T;—elun T x +C gt Vg

Q. 19. Find the particular solution of the diff-
erential equation x (1 +3*) dx -y (1 +22) dy =0, given
that y = 1 when 1 = 0. (Al CBSE, 2014)
Solution :

*(1+y)dx-y(1 +x%)dy =0

xdx _ ydx
= 1+x% 7 14,2
= 2xdx _ 2ydy
1+x% 7 1442

Integration yields

log (1 + x2)
when x = 0,y=1
O=log2+C=>C=—log2
log (1 + «2) = +log (1 +y%) ~log 2
= log (1 +y2?) —log (1 +x2) = log 2

log (1+y2 +C

1+ y2
= Iogm =log 2
1+9%
i 1+ 2 =2
= 1+y% =24 952
= Y2-22_1-9

This gives the required particular solution,
Q. 20. Find the pParticular solution of the
ferential equation :

v1-y? dx+ydy=0,giventhaty=1whenx=0.
x

(CBSE, 2014)
ution :

e*\/1-y? dx+zdy =0
x

2 dy =0

=5 aIcIeI dx+\[1_7

o

el j2avy
Integration yields

x e" ——fexdx—if ~2_

2 /1_y2

dy =0

Put1-y2 -2
= ~2ydy=2tdt
o Y2t dr
= xet—e¥o |70
27 ¢
= xet—e'—¢t=C

= xe"—e-"—,/l—y?zC

whenx =0,y =1
“0-1-0=C=C=-1
xer—e¥— V-2 =1
= \/ l_“_}’T =xe¥—et 4]
This gives the required particular solution,
Q. 21. Solve the following differentiate equation ;
d ;
cosec x log y (—,y' +2%* =0 (CBSE, 20 4)
&
Solution : '
dy

A %
cosecx logy —— 4+ 422 0
27 dx Y
log y o
= v? Ay +a%sinxdx =0

Integration yi elds
flog ¥ idy+fx2 sinx dx = C
SRR G E
II
= logy = —fl 1 dy + x*(~cos x)
Yoy
—J‘2x(,—cosx)dx =C

o _ 1°g\y_i-xzcosx+2fxcosxdx =C
y y I 11
- _IOgJ’_1_xzcosx+2[xsinx—fl.sinx dx:l =C
Y
= _loﬂ_l—xzcosx+2xsinx+2cosx =C
Yy
L+ log 3 . .
= y FX7cosx—2(xsing+ cos x) + C

w Long Answer Type Questions 77
Q. 1. Solve the differential equation :
-y dy-(x+ Ydx=0 (USEB, 2013)

Solution :

(x—y)dy—(x+y)dx=0

dy x+y
= dx =~ x-y
Put y=ux
dy dv
de “VF* 2
dv Xt+tvx 1+4p
AR E 5 X —vx —l—v
dv 14y
= xa-—-m—v




1+v—-v+0v?
- 1-v
1+0°
T 1-v
1-v dx
= 11— dv= ~
1 v dx
= (1+v2_1_+vzjdv_ x
- 1 1 2 )d _dx
1402 21+0° X

Integration yields

tan~lv - % log (1 +v2) =logx + log C

2
y .
tan! 2 — % log (1"‘_sz =log x +log C

=
x
= tanl £ - % log (x? + y%) + log x = log x + log C
x
2y _1 2 4 42

= tan™ = = — log (x* + y%) + log C

x 2 v
= tan! 2 = log {Cyx? + y?}

s tan12
- (_3\/x2+y2 —e %

Q. 2. Show that the differential equation

2y e dx + (y — 2x ") dy = 0 is homogeneous.
Find the particular solution of this differential
equation, given thatx =0 wheny=1. (CBSE, 2013)

Solution :
2y e dx + (y —2xe™) dy=0 (1)
dy 2xe’’—y
= &= gy ~fwmy)say
A
2hx e — Ay
then fOx, Ay) = o
2Ay eV
y_
= S A
2ye’
-~ (1) is homogenous.
Put x=vy
dx dv
So that E=v+y Er

then (1) reduces to
dv _ 2uye™ -y

v+y — ==
4 dy 2y e

2ve’ -1
T2
1
2e"

=p—

)

dv 1
= y =

dy 2
d
= 2evdy=— 2
y
Integration yields

2e’=—logy +C

= 2e = _logy + C
wheny=1,x=0
2=0+C=C=2
2e" = —logy + 2
= 2e 4+ logy = 2

This gives the required particular solution.

Q. 3. Show that the differential equation (x e’ +
y) dx = x dy is homogeneous. Find the particular
solution of this differential equation, given that
x=1wheny=1., (CBSE, 2013)

Solution :
(ce?™ +y) dx =x dy (D)
dy_ fey/" +y
- dx X
xe’* +y
Let. o,y = ————,
x
Ay
T L T
then fOx, Ay) = 22€° N
Ax
3 xet'* 4y
N x
= flx, y)
- (1) is homogeneous.
Put y =vx
that dy dv
so tha de SUtTE 4
-~ (1) reduces to
dv xevx/x +ux
V+Xx 5, =
dx x
d_,
= v+x de S€tvV
a
= Yax T€
dx
== evdv=""
x
Integration yields
—eV=logx+C
== —e?"* =logx +C
whenx=1,y=1
—el=logl+C
= —el=0+C
= C=_el
—eV* =logx —e!
=5 el —e?” =logx

This gives the required particular solution.
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Q. 4. Show that the differential equation :

dy . (» . (Y
x— =|+x—ysin|— | -0 i
I Sln(x) x=y [x) 0 is homogeneous.

Q. 5. Find the particular solution of the differen-
tial equation :

(tan!y -x) dy = (1 + y?) dx, given that when x = 0,
y=0. (Al CBSE, 2013)

Find the particular solution of this differential | Solution :

= .
equation, given that x =1 when y = R (CBSE, 2013)

Solution :
xﬂsin(zj+x—y sin[lj =0
dx x x
dy ysin Y«
= e =2 = flx, y) say ...(1)
x . (y]
xsin| =
x .
Ay sin [ @14 J‘—)UC
then fx, Ay)= — =/ —
Ax sin Ay
Ax
y sin 2l g
x sm(z
x
=flx, y)
. (1) is homogeneous.
Put y=uvx
: dy . dv
then de =V +xdx
dv wuvxsinv-x
Vtx — = ————
dx x sin v
vsinv—1
~ sinv
as 1
"7 sinv
. 1
Yde ~  sinv
= -—sinvdv= =
x
Integration yields
cosv=logx+C
= cos % =logx +C

T
x=1wheny = )

g=10g1+C

0=0+C=C=0

COs

Y
cos = log x
This gives the required particular solution.

(tan~ty —x) dy = (1 + y2) dx

dx tan'y—ux
= dy = 1+ ¥
dx x tan' x
= dy Y1+ 7 1+y°
1 tan™ y
. 1+y%7 %7 1‘+y2
F= S Jor s

.. Solution is

-1
i fe“‘“"y _tlan S dy+C
Put tanly=¢
1
dy =dt
1+y* 4
= [e'tdt+C
IIrrI
=t et —_ Jletdt + C
=te' - +C
=tanlye™ ¥ —e* Y 4+ C
= x=tanly—1+ Ce ™"
whenx=0,y=0
oo 0=0-1+C
= C=1
x=tanly -1+ e @7
= x—tanly + 1= ¢ ™7

= (x—tanTy+1) e*™'¥ =1
This gives the required particular solution.
Q. 6. Show that the differential equation

[x sin® (lj— y]dx +x dy=0 is homogeneous.
x
Find the particular solution of this differential
T
equation, given that y = 1 whenx = 1.

(AI CBSE, 2013)

Solution :
{x sinz(zJ—y]dx+x dy =0
x
2 y
—x sin”| <
. dy 7 U
dx ~ x
Put y=vx
dy v
= —— =v+4+x —
dx dx
dv  vx-xsinfv
v+ — =TT 7
dx x
=v—-sinyp
dv . g
= X — =-—sinx

dx



oo —_— . Y
= fcoseczv dv = —J‘ixé+logC
x
= —cotv=—logx +log C
= cot (yj——logx—logc
= cot [;)—logx—logc
Y
=l=1
= cot (x) og( J
x
= — = _cot{v/r)
ce
- . Cecot_}/x
T
whenx=14= 2
y 4 cotE
1=Ce 4
= 1=2Cel
1
= ==
e
cot | £
X = le t(xJ
e

This gives the requlred particular solution,
Q. 7. Find the particular solution of the differen-

tial equation :

(x—y)%=k+2y

» given that when x = 1,y=0.
[CBSE, 2013, 14 (Comptt.)]

Solution :
(x— y)—— =x+ 2
dy xX+2y
= & =y
Put y =ux
dy dv
de SUtE T
dv x+20 1+9
TP T x—ux © 1-v
dv 1+2p
= Yar T 1oy Y
1+ 20 —p+¢?
T 1-v
1+v+0?
T 1-p
1-v dx
= lrytp? = x
v-1 dx
o U?--lelul x
20-2 2
e f."_’:t::](h __:1‘m
= Ez—j‘ r—l—] _—’f'{.r' = 5 da

—_—
2v+1 3
:>02+v+1_ 2_\7‘_2 N
| [o+3) [—3J
| 2
|
| =_de
x
Integration yields
9 4+%
log@?+v+1)- 3.2 tan-! ‘
g \/§ ﬁ
2
=-2logx + log C
2 L)
Yy Yy 12y +x
S +=+1|-2y/3tan![ ¥ FX
:l%’(xz x ] % ]
=2logx +logC

, . » 2y+x
/. = log (y +xy+x)—2logx—2\/§ tan 3%

=2logx + log C

X Hxy+y 2y+x
= log [TJ:%@tan'l(\
V3x
2VF tan~1[ 2042
= 2rxy+y2 = e (‘/5"]
whenx =1,y =0
2\/§ltan‘li
. 1=Ce (‘EJ:1=Ce = 1=Ce®
2«/—1:811‘1 2r+x
¥ty +y2 = ( }‘/_

This gives the required particular mention

Q. 8. Find the Particular solution of the differen-
tial equation

%+ycotx=2x+x2cotx(x # 0), given that

| y=0,whenx= =, (BSER, 2014)
R 2
Solution :
Ey+ycotx =2x + x2 cot &
P =cotx
and Q =2x +x2 cot x
IF = ¢ .
- efcotx dx
= elogsinx
=sinx

. Solution is
ysinx = j(2x+ x” cotx)sin x dx + C

= 2fx s1nxdx+’.x cosxdx +C

= 2fx sinx dx +x%sin x - f2xs1nxdx+C

= x? sin x + C

when x=§,y=0

} n Y n n
. =|=|-sin 2= 0c=_"_
- 0 (2] sm2=> 7

2
| ysinx:xzsinx-z



dx |
given that x = ¢ when y = 3"

Solution :

dy
dx TXC0ty =2y +y2coty

P=cotyandQ=2y+y2coty

Y] Civvein ALY Wb b0

Q. 9. Find the particular solution of the differen.
tial equation :

ﬂ+ x¥coty =2y +y* coty,(y = 0)
(AI CBSE, 2013)

1
= EzlogC

i Z—1 + 7=
sin °~ =logx 7

145

This gives the required particular solution.
Q. 11. Solve the following differential equation :

(%J & dy -y dx)

= Sol

IF _ eIde _ efcoty dy
ution is
xsiny = f(2y+y2c0-ty) siny+C

- elog siny

= 2yfsinydy +2J.y2 siInydy +C
1

=siny

Solution :

x cos (%)(yclx+xdy)=ysin

[CBSE, 2013 (Comptt.)]

X €os (%)(ydx+xdy)=ysin (%J (cdy—ydx)

Y dy AT
= X COS (x) [y+xdx)=ysm (xj(xdx y)

= 2J.ysin4ydy+yzsiny—J.2ysinydy+C r s y
( .y Y < inZ
=y%siny + C :ﬁ{x(ysm;—xcos;)} = y{xcosx+ysmx}
e .
when Yy=5,x=0 yix cosz+ysinz}
a o = dy s [ o a
m v iy B = )
0:[5]._14-(,?(,_—71_ dx x{ysmf_xms%}
: 9 . w
sy =y“sginy— — Puty = px
- . & ; dy dv
This gives the required particular solution. so that SVt -
Q. 10. Find the particular solution of the ) dv  v(x cos v+uvx sin v)
differential equation : v +xd— = m po—
» -
x cos (zJ@ = ycos(z) +, given that when x = _ v (cos v+vsin v)
x ) dx x " vsinv- cos v
L,y= 1 [CBSE, 2013 (Comptt.)] do €08 v+ sin v
Solution : = S T vsinv—cosy
. 2cosv
xcos(zjﬂ = ycos(zJ+x =p [______J
x dx x ) U sin v - cos v
v sin v-cos v 20!;;
= @f= 2 +x sec ZJ - CACOS:Y T
Put y=uvx —y (tanv—; dv - 2;-
so that @=v+x@ = —logcosv—logv=2logx—logC
dx dx = log cos v + log v =-2logx +1log C
dv N = Iog(vcosv)+2logx =log C
VHE Gy TV Fxsecy = log(vcosvx2)=logC
dv Y[y
= X E =8ecv = log {; COS[;}% = log C
= cos v dy = — vy oS 2l .
x = log 1%y cos x| = log C

Integration yields

sin v = log x + log

sin % =logx + log C

=
T
when x=1,y=Z
T
sinz=10g1+logC
= log C
= \/§=0+ og

=5 xy cos =0

8

Q. 12. Solve the differential equation :

&~y dy - (x + Ydx=0

Solution :

=) dy — (x + ¥ de=0

= Q= X+y
dx x—y

(BSEB, 2015)
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Let y=uvx . W COS2Xm/2
d i Osin — = /7~ —""—— +C
= d—y =v+Xx d_ 2 2
x X COST
1+v = C T 9 =0
VHx — = ——
x 1-v c 1 0
= + = =
dv 1+v 1+v-v+0v?  1+02 2
= X — = — =P = =
de 1-v 1-v 1-v 1
1 1 - " T2
—v
&= 1+ 02 dv = x dx Hence, particular solution is
9 1 . _ _cos 2x N l
= I__1_2_ dv_%]‘l v2 dv=j—dx ysinx — =5
1+v it x = 2ysinx+cos2¢+1=0
1
-1 2 =
= B = G olg =10 Q14.Solve: (1 +29 2 420y + 74
= tan~t v — % log (V2 +1)=logx = C Solution : (JAC, 2015)
L y Differential equation
Now, substituting v = =, d ]
x A+x? Lrony = [214
1 y2 + 22 dx
=  tan™ (—) e log 5— | —logx =C dividing by (x% + 1)
x x
3 Q+ 2xy = Va2 +4 1)
- tall (Z)—log[ y +x +x] _C dx - 1+x° 1+
x x
i Comparing equation (1) with Z—y +Py=Q
= tan™! (1) -=log (¥ +x% =C
®) 2 2x vx? +4
Q. 13. Find the particular solution of the P= 21 and Q = 1422
differential equation LA yeotx =4cosx (x#0) 2
; . & & If = ¢ = logle®+D
given that y = 0, when x = % (Raj. Board, 2015) =x2+1
Solution: Hence, general solution
Differential equation 2
d y(x?+1)=j(x2+1)- 9;+4dx
—y+ycotx=2cosx x*+1
d =y & +1) = [Va? +4dx
o . Y
Comparing with — + Py =Q p 2
dx 2 X2 o2, 2 ;
= +1)== +2+—1 +./+24,92)+C
then P=cotxand Q=2cosx 4 ) 2 B 2 08 (¢ +y? +27)
If = ol P4 = gleotxds _ , logsins >y6?+1) = g x> +4 +2log(x+ 42 14)+C
= sinx
) Q. 15. Solve : (x® + y*) dy - 2%y dx = 0
Thus, general solution (JAC, 2015)
ysinx = IZ sinx cos x dx + C Solution :
) Differential equation
= ysinx = fs1n2xdx+C @ +y%) dy —x%y dx = 0
2
= yoinz =222 ¢ A1) = & _xy
dx £ +9°
) ) _ _ T
since given that y—O,whenyc_E Let y=vx=>dy=v+x@
dx
= ' = T dv a3
thus x = — and y = 0 putting in eq. (1) V+x — = /5
2 - RN
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= v+x — =
x 1+v
5 W _
dx  1+48
- x@ _ v—v—v4__ vt
dx 1+0° 1+
= x(1+0v3)dv = —vidy
3 -—
- 1+4v P ;dx
v x
= (l‘i+l)du= ﬂ
v v x
Integrating both sides
e~
— +logv =—-logx + C
i+10 v+logx = C
353 g g
3
= ——l—x—3+log (ij =C (v v =ylx)
3y X
3
=

x
-—+logy =C
3y3 &Y

Which is required general solution.
Q. 16. Find general solution of differential

2
quation & = ﬂ . (Raj. Board, 2015)
1+ a2
olution :
dy _ 1+ e
dx  1+4%
1 1
dy =
= 1+ y2 Y 1+ %2
Integrating both sides
1 1
dy = dx
'[1 +y? y '[ 1+x2

= tanly = tan x + tan~! C
= tanly-tan~lx = tan~! C

= tan! [y—x) =tan™1C

1+xy
= Al S
1+xy
= Yy—x=C0 +uxy)

Which is required general solution.

) NCERT QUESTIONS Wy

dy ¢
- + =tanx
de TV

Q. 1. Solve : cos? x -
(CBSE, Outside Delhi, 2011)

Solution :
We have
—‘gx+ysec2 X = tar;x
dx cos‘ x
dy 2
——+ysec'x = 2
= dx Yy tan x.sec? x
. L Y
Now comparing with a + Py =Q,

P =sec?x and Q = tan x sec? x

IF . eJ'seczxdx -

thus eten®
Hence the solution is :

¥ x ™ = je“‘“".tan x sec’ x dx

yetans = J.t.e'dt
[Taking tan x = ¢ = sec? x dx = dt]

= y etanx =(tet—e") +C
= y e'ah¥ = tan x etanx _ gtanx | (3
= y=(tan x — 1) + Cetanz,

Q. 2. Solve : e* tan y dx + (1 - &%) sec’?ydy=0
(CBSE, Outside Delhi, 2011)

Solution :
e“tany dx =~ (1 —¢*) sec?y dy
- e dr = seczydyr
1-¢* tany

Integrate on both sides,

e sec’ y
_fl—e" o J-tany &

= log(l—e"):logtany+logC
= (1-e*)=Ctany.
Q.3.Solve:xdy -y dx = x* +yidx

[CBSE, 2011, BSER, 14]

Solution :
= xdy= (\/ac_2+_y2 +y)dx
- dy _[Jx'+y' 4y
dx x
The degree of numerator and denominator is same,
)
Put 2 gy
u y-ux=>dx—v+xdx
dv  V2* +0v%x® +ux
= vtx— =
dx x

s



\.l.au‘

dv
= UHx = 140’ v
dv
= xd_ = J1+0?
X
dv dx

= =
V1+0®

Integrate on both sides,
= log {v+v1+v’} =logx +logC

= v+yvl+v? =Cx

. Yy
Now taking v="
2 2
Jx©+
2.,._73’ =Cx ory+ x2+y2 — Ca?.
x x

Q. 4. Solve : x%+ 2y = xé logx

Solution :
i dy + L y 1
Given, e | % =x logx
L dy
Comparing with et Py=Q,

2
P = x and Q = x log x

eJde :e.[%dx =eZlugx

IF =
IF = x?
Now, the solution is

yxx? = sz x xlog x dx

2., _ 3
x%y = f(ﬁ I?gx)dx

4 1 x4
2 1 2 2xEid
(log x) 1 jx il X

= x%y =
x! 1; 4
= x%y = ZIng_Z-[x dx
4
1
= x%y = leogx—wx“
ﬁlo x—ix2+—
i Y= % e T
Q. 5. Solve :
2=y dx +2xydy=0
Solution : ,
= (x2 —y%y dx =—2xy dy
d‘X :x2_y2
= dx =~ 2xy
dy ¥
= dx — 2xy

(1)

(CBSE, Delhi, 2010)

The degree of numerator

it is a homogeneous function.

Put y
vrxZl

= dx
dv

W dx
L3

= dx
o

= T dx

2v
d

= '[v2 e
= log (W2 + 1)
= log w2 + 1)

. y
Putting v = PE

2 2
X

= log (x? +y?) - 2log x

= log (x2 + %)
= log (x2 + ¥2)
= x2 +y2
Q. 6. Solve :
dy
4—+8
dx
Solution :
d
We have 4 ay +8y
dy
or dx T 2y
Hence P=2and Q
IF
Now yeX
= yeX
= y

and denominator is 2, thus

dy dv
VX = = =v+x—
dx dx

vix? —x?
2x.(vx)

vt -1 _
2v

v
v?-1-20°
2v

 ElS v?
2v

_j@

=—logx +logC

ol

=log C —logx

=log C—logx
=logx +1log C
= log (Cx)
=Cux

y = 5e-** (CBSE, Delhi, 2007)

= e~
B n
T4
5
= =€
4
—_ eIde =ej2dx - er
= J‘%e-ax e dx+C
=— %e"‘+C
- ____5_6—3:: +Ce—2x



